Furstenberg and Glasner proved that for an arbitrary k ∈ N, any piecewise syndetic set contains k−term arithmetic progression and such collection is also piecewise syndetic in Z. They used algebraic structure of βN. The above result was extended for arbitrary semigroups by Bergelson and Hindman, again using the structure of Stone-Čech compactification of general semigroup. Beiglbock provided an elementary proof of the above result and asked whether the combinatorial argument in his proof can be enhanced in a way which makes it applicable to a more abstract setting.
Introduction
A subset S of Z is called syndetic if there exists r ∈ N such that r i=1 (S − i) = Z. Again a subset S of Z is called thick if it contains arbitrary long intervals in it. Sets which can be expressed as intersection of thick and syndetic sets are called piecewise syndetic. All these notions have natural generalization for arbitrary semigroups.
One of the famous Ramsey theoretic result is so called van derWaerden's Theorem [vdw] which states that one cell of any partition {C 1 , C 2 , . . . , C r } of N contains arithmetic progression of arbitrary length. Since arithmetic progressions are invariant under shifts, it follows that every piecewise syndetic set contains arbitrarily long arithmetic progressions.
Furstenberg and E. Glasner [FG] proved that if S is a piecewise syndetic subset of Z and l ∈ N then the set of all length l progressions contained in S is also large.
Theorem 1. Let k ∈ N and assume that S ⊆ Z is piecewise syndetic. Then {(a, d) : a, a + d, . . . , a + kd ∈ S} is piecewise syndetic in Z 2 .
Furstenberg and Glasner's proof was algebraic in nature. In [BN, HLS] theorem 1 was extended to more general semigroups and for various other notions of largeness using ultrafilter techniques. Beiglbock provided an elementary proof of 1 in [Bel] . Beigelbock also asked, whether the combinatorial argument in his proof can be enhanced in a way which makes it applicable to a more abstract setting. In this article we shall provide an affirmative answer to Beigelbock's question.
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For our purpose let us start with Gallai Theorem, which is also a multidimensional van der Waerden's theorem.
is colored with r colors, then there exists a monochromatic set of the form x+tF, for some x ∈ Z d and t ∈ N.
The set x + tF is called a homothetic copy of F . In a commutative semigroup (S, +),for finite subsets A, F in S, Homth A (F ) is the collection of all homothetic copies of F in A and this may be considered as the subset A |F | , which is finite. Now we extend the above finitary version to general commutative semigroup. To do this we recall Hales-Jewett theorem.
Conventionally [t] denotes the set {1, 2, . . . , t} and words of length N over the alphabet [t] are the elements of [t] N .A variable word is a word over [t] ∪ { * } where * denotes the variable. A combinatorial line is denoted by L τ = {τ (1), τ (2), . . . , τ (t)} where τ is a variable word and L τ is obtained by replacing the variable * by 1, 2, . . . .t.
The following theorem is due to Hales-Jewett.
Theorem 3. For all values t, r ∈ N, there exists a number HJ(r, t) such that, if N ≥ HJ(r, t) and [t] N is r colored then there will exists a monochromatic combinatorial line.
The following lemma may be regarded as a finitary version of Gallai theorem for commutative semigroup.
Lemma 4. Let (S, +) be a commutative semigroup and a finite subset F = {s 1 , s 2 , . . . , s m } of S is given. Then for any given r, there exist a finite subset A of G such that for any given r coloring of A there exists a monochromatic homothetic copy of A.
Proof. Given |F | = m and choose N = HJ(r, m) and then by Theorem 3 for every r coloring of [m] N there exists a monochromatic combinatorial line.
Construct a finite set
a j : a j ∈ F } ⊂ S and give an r color say χ ′ of A. This coloring of A will induce a r coloring say χ of [m] N by,
Then as by Theorem 3, [m] N contains a monochromatic configuration of combinatorial line, the corresponding monochromatic elements of the line in A will be {|I|s
, where I denotes the set of variable's position in the combinatorial line.
Let |I| = n ∈ N and j / ∈I s x(j) = a ∈ S and so a + nF is monochromatic and the lemma is obtained.
For a commutative semigroup (S, +), consider the commutative semigroup (S × N, +) with operations defined by (s 1 , n 1 ) + (s 2 , n 2 ) = (s 1 + s 2 , n 1 + n 2 ). For x ∈ S and n ∈ N, nx stands for n times addition of x.
Now it is easy to verify the following theorem by the above one, Theorem 5. Let (S, +) be a commutative semigroup and F ⊂ S be a given finite set. Then for any piecewise syndetic subset M ⊆ S the collection {(a, n) ∈ M × N : a + n.F ⊂ S} is non empty.
Now we will proof the following theorem, Theorem 6. Let (S, +) be a commutative semigroup and F ⊂ S be a given finite set. Then for any piecewise syndetic subset M ⊆ S the collection {(a, n) ∈ M × N : a + n.F ⊂ S} is piecewise syndetic in (S × N, +).
Proof of Theorem 6
In this section we will proof theorem 6, enhancing the combinatorial arguments used in [Bel] . The following lemma [BG, Lemma 4 .6( I')] will be needed for our purpose.
Lemma 7. Let (S, ·) and (T, .) be two semigroups, ϕ : S → T be a homomorphism.
Proof. [BG, Lemma 4 .6( I')].
The above lemma in [BG, Lemma 4 .6( I')] was proved by using algebraic structure of Stone-Čech compactification of arbitrary semigroup. But since we have promised a combinatorial proof we are giving a purely elementary proof of the above lemma for commutative semigroups. is thick in T . Again as A ⊆ S be piecewise syndetic and so there exists a finite set F ⊂ S such that
We claim is ϕ(A) is piecewise syndetic in T and for this it will be sufficent to show
is thick in T .
Proof of the claim : Take a finite set K = {k 1 , k 2 , . . . , k s } ⊂ T . Since by 2.1 t∈E (−t + ϕ(S)) is thick in T , there exists n ∈ T such that K + n ⊂ t∈E (−t + ϕ(S)).
Therefore there exists a sequence {t j } s j=1 ⊆ E, such that K 1 = {k j + t j + n} s j=1 ⊂ ϕ(S).
Hence, there exists a finite set B = {b 1 , b 2 , . . . , b l } ⊂ S such that ϕ(B) = K 1 and as this set is finite so by 2.2 there exists m ∈ S such that B + m ⊂ ∪ s∈F (−s + A), so that there exists some
which further implies due to ϕ(B) = K 1 that
Finally applying the fact {t
Since K is arbitrary and n, ϕ(m) ∈ T, we get
Lemma 9. If M ⊆ S × N is piecewise syndetic then for any x, y ∈ S and t ∈ N,
Proof. For a fixed x ∈ S, let ϕ x : S × N → S × N be a homomorphism defined by ϕ x (a, n) = (a + nx, n). Then clearly ϕ x (S × N) is thick in S × N and so piecewise syndetic and hence this transformation preserves piecewise syndeticity.
To prove the claim let us take a finite subset F = {(s 1 , n 1 ), (s 2 , n 2 ), . . . , (s m , n m )} of S × N, and consider the translation of F by ((n 1 + n 2 + . . . + n m + 1)x, 1). This set will belong to ϕ x (S × N).
Now for a fixed t ∈ N, let χ t : S × N → S × N be a homomorphism defined by χ t (a, n) = (a, n · t). Then clearly χ t (S × N) is syndetic in S × N, in particular piecewise syndetic Therefore this transformation also preserves piecewise syndeticity.
To verify the syndeticity, we observe that for any
Obviously for any (a, n) ∈ S × N, as for any n ∈ N, there exists m ∈ N such that (m − 1)t n ≤ mt and j ∈ {1, . . . , t} such that (a + x, n + j) ∈ ϕ x (S × N). N) ) , as (a, n) is arbitrary.
Again for any fixed y ∈ S, the transformation ψ y : S × N → S × N defined by ψ y (a, n) = (a + y, n) always preserves piecewise syndeticity.
Infact if A ⊆ S × N is piecewise syndetic set, then there exists a finite subset say E 1 = {(a 1 , n 1 ), (a 2 , n 2 ), . . . , (a r , n r )} of S × N such that
is thick and then, as
(−(a i + y, n i ) + ψ y (A)) is thick. So we have ψ y (A) is piecewise syndetic. Now combining the above results with Lemma 8 we get the proof of the lemma. Now we will prove the main theorem.
Proof of Theorem 6. As M is piecewise syndetic, there exists a finite set E = {t 1 , t 2 , . . . , t r } ⊂ S such that, ∪ t∈E (−t + M ) is thick. Let F ⊂ S be the given finite set and so by Gallai there exists a finite subset A of S such that whenever A is r colored then there will exists a b ∈ S and n ∈ N such that b + nF is monochromatic. Now if for any a ∈ S and n ∈ N if the set {a + n.
x : x ∈ A} is r colored then one cell will must contain a set of the form {a + n.
We will use the notation {a + nA} to denote the set {a + n.
x :
Now it will be easy to verify that the following set B = {(a, n) ∈ S × N :
Of course let us take any finite subset of S×N say B 1 = {(a 1 , n 1 ), (a 2 , n 2 ), . . . , (a k , n k )} and then take the finite subset F 1 = {a 1 + (n 1 + 1)A, a 2 + (n 2 + 1)A, . . . , a k + (n k + 1)A} of S and then by thickness of ∪ t∈E (−t + M ), we will get some z ∈ S such that F 1 + z belongs to ∪ t∈E (−t + M ). And this gives the required translation of B 1 by (z, 1) showing the thickness of B.
Now for (a, n) ∈ B, due to r coloring of {a + nA}, there exist t i ∈ E such that {a + nA} ∩ (−t i + M ) will contain a set of the form {a + n.(b + t.F )}where b ∈ S and t ∈ N.
As Homth A (F ) is finite, we can enumerate them as {M 1 , M 2 , . . . , M s }where |Homth A (F )| = s.
Let us now define a map ϕ : B → E ×Homth A (F ) such that, for each (a, n) ∈ B, ϕ(a, n) = t i ×M j where M j ∈ Homth A (F ) with{a+n.M j } ∈ M −t i and we will take t i and M j for the minimum value of i ∈ {1, 2, . . . , r} and then for j ∈ {1, 2, . . . , s} from all possible values of i and j.
Now as E × Homth A (F ) is finite, the mapping ϕ gives a finite coloring on B and hence one of them is piecewise syndetic.
Let, Q = {(a, n) ∈ B : ϕ(a, n) = t i × M j } is piecewise syndetic for some t i ∈ E and M j ∈ Homth A (F ).
Choose some b ∈ S and t ∈ N such that b + tF = M j then (a, n) ∈ Q implies a + n.
And hence a + t i + n.(b + t.F ) ⊆ M Now by Lemma 9 Q = {(a + n.b + t i , n.t) : (a, n) ∈ Q} is piecewise syndetic. And for (a 1 , n 1 ) ∈ Q , a 1 + n 1 F ⊆ M and this proves the theorem.
However the semigroup S × N in the above proofs can be replaced by S × Z or S × ω , where ω = N ∪ {0}.
The following corollary gives some partial answer of the question of [Bel] asking for a combinatorial proof of abundance in general semigroup.
Here we denote the set of all homothetic copies of F = {s 1 , s 2 , . . . , s l } by HC F , i.e. the set {(a + ns 1 , a + ns 2 , . . . , a + ns l ) : a ∈ S and n ∈ N} and it will be easy to check that HC F is a subsemigroup of S l .
Corollary 10. Let (S, +) be a commutative semigroup and F ⊂ S be a given finite set of cardinality l. Then for any piecewise syndetic subset M ⊆ S, M l ∩ HC F is piecewise syndetic in HC F .
Proof. Let us take a surjective homomorphism ϕ : S × N → HC F by, ϕ(a, n) = (a + ns 1 , a + ns 2 , . . . , a + ns l ).
As this is surjective homomorphism, this preserves notion of piecewise syndeticity by lemma 7. Now let C = {(a, n) ∈ S × N : a + nF ⊂ M } and C is piecewise syndetic in S × N by Theorem 6. Now clearly, ϕ(C) ⊆ M l ∩ HC F and as C is piecewise syndetic in S × N, ϕ(C) is piecewise syndetic in HC F and so M l ∩ HC F is piecewise syndetic in HC F . This proves the claim.
